The effect of a uniform dilation of space on stochastically driven nonlinear field theories is examined. This theoretical question serves as a model problem for examining the properties of nonlinear field theories embedded in expanding Euclidean Friedmann-Lemaître-Robertson-Walker metrics in the context of cosmology, as well as different systems in the disciplines of statistical mechanics and condensed matter physics. Field theories are characterized by the speed at which they propagate correlations within themselves. We show that for linear field theories correlations stop propagating if and only if the speed at which the space dilates is higher than the speed at which correlations propagate. The situation is in general different for nonlinear field theories. In this case correlations might stop propagating even if the velocity at which space dilates is lower than the velocity at which correlations propagate. In particular, these results imply that it is not possible to characterize the dynamics of a nonlinear field theory during homogeneous spatial dilation a priori. We illustrate our findings with the nonlinear Kardar-Parisi-Zhang equation.
growth of the universe at its early stages. In fact, the importance of inflation is very large as it is assumed to be the responsible for the current homogeneous and isotropic appearance of the universe. This phenomenology has also a very natural statistical mechanical motivation.
First of all, the models we are going to consider are paradigmatic in the theory of dynamic critical phenomena [1, 2] . In this context one would like to determine whether or not fluctuations are able to break the homogeneity of a space which undergoes a uniform dilation, given that this mechanism acts as a homogenization on the large scale. Biological systems have a connection with it too, mainly in the context of pattern formation and generation of form during growth [3, 4] . Indeed, the equations this work is focused on can be considered as hydrodynamic descriptions of the model Eden introduced as an idealized description of a growing cell colony [5, 6] .
We will focus on stochastic field theories whose correlation length can be explicitly computed. When these theories are embedded in a spatial domain which is uniformly expanding in time, what mathematically reduces to considering a Friedmann-Lemaître-RobertsonWalker (FLRW) metric, an effective loss of correlation takes place whenever the expansion is fast enough. Intuitively, determining the threshold of the speed of expansion that causes this loss of correlation would mean finding the condition that ensures the macroscopic appearance of the corresponding system is homogeneous and isotropic. Although in reality this condition is just a necessary but not sufficient one, it is still one of the key ingredients in the search for determining the macroscopic appearance of one such system.
In this work we are concerned with stochastic fields φ(x, t) for which the spatial coordinate x ∈ R d and the temporal coordinate t ∈ R + . This field will obey the generic equation of motion
where theL i 's, i = 1, 2, · · · , are linear differential or integro-differential operators acting on the field, f is an in general nonlinear function of its arguments and χ denotes a space-time noise to be specified in the following.
Field theories can be characterized by sets of exponents. One of them is the dynamic exponent z which characterizes the velocity at which correlations propagate. If is the correlation length of one such theory then (t) ∼ t 1/z .
We will consider spatial dilation as a simple transformation of the spatial coordinates
x → b(t)x, where b(t) is independent of x, b(t) > 1 for t > t 0 and b(t 0 ) = 1, and t 0 > 0 is the absolute origin of time. So this transformation is a strict dilation.
Two different correlation functions will be examined: the two-point function and the field difference correlation function. For the models under consideration both will undergo dynamic scale invariance; so explicitly they read, the first one
and the second one
where role of the dynamic exponent is evident and the α exponent describes the variation of the field on a determined length scale [7] ; F, G are the scaling functions.
We say that a linear superposition principle holds whenever, upon applying the dilation transformation {x, x } → b(t){x, x }, the correlation functions read
for the same exponents α and z. It is clear where this expression comes from: in this case the internal dynamics of the field and the spatial dilation effect are simply superposed.
We start our discussion with the following family of linear equations:
where the noise is assumed to be Gaussian with zero mean and correlation ξ(x, t)ξ(x , t ) = Dδ(x − x )δ(t − t ), and the operator |∇| ζ (we will always consider ζ > 0) is to be interpreted in the Fourier transform sense (|∇| ζ φ)ˆ= |k| ζφ . This operator accounts for the anomalous diffusion of the field, and its effect on this type of theories has already been considered, even in the nonlinear case [8] . This model can be exactly integrated and shown to obey the above mentioned scalings with z = ζ. Actually, the presence of noise in this equation is trivial in the sense that the exponent z does not change if we set D = 0. Now we will apply the dilation transformation to Eq. Explicitly, after applying the dilation transformation, the equation of motion reads
Following Eq. (4) and for γ < 1/ζ one may define an effective dynamic exponent z eff = ζ/(1 − γζ) [10] . Thus in the limit γ → 0 + one recovers the classical case z eff → ζ, and when
So we may talk about the decorrelation threshold γ d = 1/ζ.
The main conclusion of this analysis is that for a rather general family of linear equations the decorrelation threshold is the intuitive one. We will show that for nonlinear equations things are in general different. To this end one needs to introduce a nonlinear field theory whose dynamic exponent is nontrivial. One such theory is given by the Kardar-Parisi-Zhang (KPZ) equation [13] 
Together with the interest of this equation in the fields of condensed matter and statistical physics [14] , one finds its relevance in cosmology [15] [16] [17] [18] [19] [20] [21] [22] [23] . Two of the reasons underlying this universal character are the connection of Eq. (7) However, once the noise is switched on, the dynamic exponent becomes a function of the spatial dimension, z = z(d). In particular z(1) = 3/2 and z(2) ≈ 1.7 < 2. We note that while the one-dimensional result is exact, the two-dimensional one is usually obtained numerically. This is so because the calculation of this value has escaped all sorts of analytical approaches, with the notable exception of the method known as the Self-Consistent Expansion (SCE) [24, 25] . Due to the remarkable success of this scheme in finding the scaling behavior of this as well as different models [26] [27] [28] we will rely on its results in the following. Another value we will also be using is z(4) ≈ 1.8.
Our aim is calculating the decorrelation threshold for the KPZ equation. Following the linear theory one could naïfly expect γ d = 1/z, and in particular γ d = 2/3 in d = 1. In fact, the one dimensional result is presumably correct. Simulations of a discrete model in the KPZ universality class have corroborated so [29] . Things are however different in higher dimensions as we will subsequently show.
Now we apply to Eq. (7) the dilation transformation x −→ (t/t 0 ) γ x:
So we will study this equation which describes KPZ dynamics in an environment which is undergoing spatial dilation as time evolves. This is a Langevin equation whose associated Fokker-Planck equation reads
where the solution P is the functional probability distribution. This equation can be transformed to
Now we change the temporal variable
We start assuming γ < 1/2 so τ ≈ (t 
This noise rends in general a more difficult analytical treatment due to the explicit τ −dependence of its amplitude. However, the situation becomes considerably simpler in d = 2. In this case we recover the KPZ equation for time τ , so the dynamic exponent for this time variable is z = z KPZ (d = 2). Thus the effective dynamic exponent for actual
. Consequently decorrelation appears in the limit
threshold is anticipated, and this counterintuitive result implies that a simple superposition principle does not hold in this case.
Although this result proves the decorrelation threshold by itself, it is easy to compute the exact behavior at the value γ = 1/2. In this case one can correspondingly modify change of variables (11) to find τ = t 0 ln(t/t 0 ). So for the critical value of γ correlations propagate logarithmically slow, and we find the effective value z eff = ∞. For γ > 1/2 change of variables (11) This effect is not purely two-dimensional. We now move to higher dimensions and consider again the KPZ equation but with a different stochastic forcing
where the noise is Gaussian, has zero mean and its correlation reads η(x, t)η(x , t ) = )/(1−2γ), yields in the limit t → ∞ the equation
This model becomes exactly Eq. (13) As mentioned in the introduction, the condition γ > 1/z implies correlations stop propagating in the linear case, but it is just a necessary and not sufficient condition to achieve the spatial homogeneity of the field. Homogeneity is only achieved in the large scale if γ > max{1/z, 1/d} in the linear case and for ρ = 0 [4] , showing that the spatial dimensionality of the system has an important role in this question. In the linear case and for
homogeneity of the field is never achieved because this inequality implies correlations do not decay with distance (a case that is not going to be considered in the following). But it is not correct employing these relations in the nonlinear setting. However, it is possible to find an analogous condition by means of the introduction of new critical exponentsα andz.
To this end we make explicit use of correlations (2) and (3) for the KPZ case. If we write these correlations in the form suggested by Eq. (4), so that the dependence on the dilation of space becomes explicit, we find the expression However, in the present cases, both sets of exponents are exactly the same. This should be considered by no means a general feature of the KPZ equation: it is a direct consequence of the fact that we are always considering this equation at its lower critical dimension. Note also that our results imply the flatness of the field (in the sense that both field difference and two-point correlation functions are uniformly bounded in both space and time) is achieved for γ > 1/2. This is in disagreement with the linear requirement γ > max{1
However, it is in perfect agreement with the modified requirement γ > max{1/z, 1/(d−2ρ)}.
In the same way, the threshold for the loss of correlation can be expressed by the inequality γ > 1/z. Both inequalities express the fact that the linear conditions for decorrelation and homogeneity of the field can be extended to the nonlinear case provided we introduce γ−dependent exponents. This is another way of expressing that the coupling of the spatial dilation transformation and the nonlinear dynamics of the field is nontrivial.
We summarize part of our results in Figs. 1 and 2 . The exponentsz,α,β and µ corre- We summarize the effect of a non-vanishing ρ in Fig. 2 . The exponentsz,α,β and µ corresponding to Eq. (7) (that is, the case ρ = 0) at d = 2 and Eq. (13) 
where the noises ξ {n,c} are zero-centered white Gaussian fields whose correlations are respectively given by
It is now straightforward to analyze the effect of a homogeneous spatial dilation on these In summary, we have studied the effect of a uniform dilation of space on the dynamics of nonlinear fields theories. In particular we have focused on the nonlinear KPZ equation with different stochastic forcing terms, because this field theory is known to display nontrivial effects regarding the velocity at which correlations propagate. We have argued that in one dimension numerical results suggest that the loss of correlation starts when the velocity at which the space grows overtakes the velocity at which correlations propagate in the absence of spatial dilation. However, in two and higher dimensions the threshold for the appearance of decorrelation becomes anticipated, and so loss of correlation starts at a velocity of the dilation transformation slower than the speed at which correlations propagate. This fact is a consequence of the nontrivial behavior of the KPZ equation at its lower critical dimension.
It shows that the interplay of spatial dilation and nonlinearity is far from trivial and, in particular, that it is not possible to infer the effect of a dilation of space on a nonlinear field theory a priori.
There are several interesting connections among models in condensed matter physics and cosmology. In this work we have discussed one such model given by the KPZ equation, which lies in the mentioned interface as well as Ginzburg-Landau theories [35] and Bose-Einstein condensation [36] . Some questions naturally emerge from the present study. One is determining under which conditions loss of correlation in an anisotropically expanding system is achieved. Mathematically, accounting for anisotropic expansions implies the substitution of the FLRW metric by a Bianchi I metric [37] . Another problem is the analysis of related nonlinear models with a source of quantum fluctuations instead of the classical ones. In this framework the question of under which conditions disentanglement occurs [38] seems to be connected with the present discussion. In the field of condensed matter, a possible physical realization of our results could perhaps be achieved in experiments of combustion fronts in paper. The KPZ equation has been shown to be able to describe these fronts, although the measured noise is not necessarily one of those we have considered [39, 40] . We have shown that changing the noise in Eq. (16) changes the critical dimension, but not the decorrelation threshold. It would be interesting to know if this result holds in the case of combustion fronts too.
